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Scale invariance

A concept that was introduced in the 70’s in high energy physics

Can there be physical systems with no intrinsic energy/length scale?  

Need to explain the behavior of e- - nucleon scattering cross-sections

This concept later found many applications in physics, maths, biology, etc.

Phase transitions and 
renormalization group Fractals
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Scale invariance in a gas of particles

Consider a fluid whose equations of motion, i.e. its action  , are invariant in the following rescaling:∫ E dt

Considerable simplification of the study of equilibrium properties and dynamics

Positions:   r → r/λ Time:   t → t/λ2

Clearly     , implying that    is invariant  Ekin → λ2Ekin ∫ Ekin dt

What about interactions?  Can we achieve      when     ?Eint → λ2Eint r → r/λ

Velocity:   v → λv
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Gases with scale invariant interactions Eint ! �2Eint
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

r ! r/�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The simplest case: the  potential 1/r2 V = ∑
i<j

g
r2
ij

Calogero-Moser-Sutherland model in 1D Efimov problem in 3D

For such a potential, there is no length scale associated to interactions 

Reminder: for a power-law potential , the relevant (quantum!) length scale  is obtained by 
equating kinetic and potential energy

g/rn ℓ

ℏ2

mℓ2 = g
ℓn

No characteristic length  for  !ℓ n = 2

Coulomb interaction ( ):   Bohr radius n = 1, g = e2 ℓ = ℏ2/me2

Van der Waals interaction ( ):  van der Waals radius   n = 6, g = C6 ℓ = ∝ (mC6/ℏ2)1/4{
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Cold atomic gases with scale invariant interactions

• Contact interaction in a 2D Bose gas:

r ! r/�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

g �(r) ! g �(r/�) = �2 g �(r)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• 3D spin 1/2 Fermi gas in the unitary regime: infinite scattering 
length, hence no length scale associated to interactions

Eint ! �2Eint
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

r ! r/�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Valid only for relatively weak interactions, so that a classical field description (Gross-
Pitaevskii equation) is valid (otherwise, quantum anomaly from the regularisation of   )δ(r)
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Classical field approach to the 2D Bose gas

Describe the gas by a classical field                obeying the Gross-Pitaevskii equation  (r, t)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Energy of the gas: E( ) = Ekin( ) + Eint( )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ekin( ) =
~2
2m

Z
|r |2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Eint( ) =
~2
2m

g̃

Z
| |4

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

g̃ :
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 interaction strength

No singularity at the classical field level 

In 2D, the interaction strength    is dimensionless: no length scale associated with interactionsg̃
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In 3D,   where   is the scattering lengthg̃ = 4πa a
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Outline of the lecture

Time-independent problems 

Universality of the equation of state

Solitons in 2D

The Efimov effect

Time-dependent problems

Conformal invariance and the SO(2,1) dynamical symmetry

The breathing mode

Breathers
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Scale-invariant equation of state 

For a “standard” cold 3D gas, the scattering length   brings the energy scale    a ϵ ≡ ℏ2/ma2

Exemple of an equation of state: nλ3 = ℱ ( kBT
ϵ

, μ
ϵ ) i.e., a 2-variable function

For a scale-invariant Fermi gas (  or ), it must read a = 0 a = ∞ nλ3 = ' ( μ
kBT )

Considerable simplification (1-variable function) which leads to  PV = 2
3 E

Similarly for a 2D Bose gas: nλ2 = ' ( μ
kBT

, g̃ )  dimensionless couplingg̃

T.L. Ho, 2004

PV = E
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The equation of state of the 2D Bose gas

Theory using a classical-field analysis: Prokof’ev & Svistunov Measurements : Chicago, Paris, Cambridge

Smooth external trapping potential   + local-density approximation: Vtrap(r) μ(r) = μ(0) − Vtrap(r)

A single image gives access to the desired function  : ' n(r) λ2 = ' ( μ(r)
kBT )

We obtain the equation of state n(m,T) from the averaged density
profile by assigning a local chemical potential m(r)5m02V(r,0) to
each point according to the local density approximation. Both T and
m0 can be determined from the low density wing where the sample is
assumed normal and the density profile can be fitted to a mean-field
formula n(m,T)~{l{2

dB ln½1{ exp (m=kBT{gnl2dB=p)" (ref. 9),
where ldB~h=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pmkBT

p
is the thermal de Broglie wavelength.

We confirm the scale invariance of a 2D gas by first introducing the
dimensionless, scaled forms of density ~n~nl2dB (phase space density),
fluctuation d~n2~dn2l4dB, and chemical potential ~m~m=kBT , and
showing that the equation of state and the fluctuation satisfy the fol-
lowing forms:

~n~F(~m) ð1Þ

d~n2~G(~m) ð2Þ
where F andG are generic functions. This suggests that both energy and
length scales are set solely by the thermal energy and the de Broglie
wavelength, respectively. An example at g5 0.26 (a5 10nm) is shown
in Fig. 2. Here we show that while the original density and fluctuation
profiles are temperature dependent (Fig. 2 insets), all profiles collapse to
a single curve in the scaled units. At negative chemical potential ~mv0,
the system is normal and can be described by a mean-field model
(dashed lines). In the range0v~mv0:3, the systementers the fluctuation
regime and deviation from themean-field calculation becomes evident.
Crossing from normal gas to this regime, however, we do not observe a

sharp transition feature in the equation of state. At even higher ~mw0:3,
the system becomes a superfluid and the density closely follows amean-
field prediction12 ~n~2p~m=gz ln (2~ng=p{2~m). We notice that the
mean-field theory in the superfluid limit cannot also accurately describe
the system in the fluctuation regime. Transition into theBKT superfluid
phase is most easily seen in the scaled fluctuation d~n2, which crosses
over to a nearly constant value due to the suppression of fluctuation in
the superfluid regime20. In the density profile ~n, a corresponding transi-
tion feature can be found when one computes the derivative L~n=L~m,
that is, the scaled compressibility ~k, as suggested by the fluctuation-
dissipation theorem discussed below. Finally, our measurement sug-
gests that the validity of scale invariance extends to all thermal,
fluctuation and superfluid regimes, a special feature of weakly interact-
ing 2D gases4 which underlies the analysis of a recent experiment21.
We associate the crossover feature in the density fluctuationsd~n2 and

the scaled compressibility ~kwith theBKT transition20,22. To estimate the
location of the transition point, we apply an empirical fit to this feature
and determine the critical chemical potential ~mc and the critical phase
space density ~nc (OnlineMethods). Results at different values of g in the
range 0.05 to0.26 are shown inFig. 3c, d andcompared to the theoretical
prediction of ~nc~ ln (j=g) and ~mc~(g=p) ln (jm=g) (ref. 23), where
j5 380 and jm5 13.2 are determined from a classical-field Monte
Carlo calculation11. Our results show good agreement with the theory,
apart from a potential systematic error from the choice of the fit func-
tion, which can account for a down shift of 10% in the fitted values of ~mc
and ~nc.
Further comparisonbetweenprofiles at different interaction strengths

allows us to test the universality of 2DBose gases. Sufficiently close to the
BKT critical point with j~m{~mcjvg, one expects the phase space density
to show a universal behaviour12:

~n{~nc~H(
~m{~mc
g

) ð3Þ

where H is a generic function. Here, density and chemical potential are
offset from the critical values~nc and ~mc, which remove thenon-universal
dependence on the microscopic details of the interaction12,14.
To test the universality hypothesis, we rescale ~m to ~m=g and look for

critical values ~nc and ~mc such that the equations of state at all values of g
display a universal curve in the phase transition regime (Online
Methods). Indeed, we find that all rescaled profiles can collapse to a
single curve in the fluctuation region{1v(~m{~mc)=gv0 and remain
overlapped in an extended range of j~m{~mcj=gƒ2 (Fig. 3a), which
contrasts with the very different equations of state ~n(~m) at various g
shown in the inset of Fig. 3a. Our result closely follows the classical-
field prediction12 and quantumMonte Carlo calculations13 assuming a
strictly 2Dmean-field contribution; and the fitting parameters (critical
density ~nc and chemical potential ~mc) show proper dependence on g
and are in fair agreement with the prediction of theory11 (Fig. 3c, d).
We emphasize that critical values determined from the density fluc-
tuations (Fig. 3c, d) match well with those determined from the uni-
versal behaviour, indicating that universality is a powerful tool to
determine the critical point from a continuous and smooth density
profile. Similar agreement with the theory of critical densities has also
been reported on the basis of different experiment techniques6,8,10.
Further universal features near the phase transition can be revealed

in the growth of the quasi-condensate density nq~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2{dn2

p
across

the phase transition11,12,24. The quasi-condensate density is a measure
of the non-thermal population in a degenerate Bose gas. A finite quasi-
condensate density does not necessarily imply superfluidity, but can be
responsible for a non-Gaussian distribution observed in momentum
space8. The quasi-condensate density is predicted to be universal near
the critical point, following12

~nq~Q(
~m{~mc
g

) ð4Þ

where Q is a generic function and ~nq~nql
2
dB.
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Figure 2 | Scale invariance of density and its fluctuation. a, Scaled density
(phase space density) ~n~nl2dB as a function of the scaled chemical potential
~m~m=kBT measured at five different temperatures: T5 21nK (filled black
circles), 37 nK (red squares), 42 nK (green triangles), 49 nK (blue diamonds) and
60nK (magenta stars), and coupling strength g5 0.26. Mean-field expectations
for normal gas (dashed line) and superfluid (solid line) are shown for
comparison. Inset, radial density profiles before scaling. b, Scaled fluctuation
d~n2~dn2l4dB at different temperatures.Dashed line is themean-field calculation
basedon the fluctuation-dissipation theorem25. Solid line is an empirical fit to the
crossover feature from which the critical chemical potential ~mc is determined.
Inset, radial fluctuation profiles before scaling. The shaded area marks the
fluctuation region 0v~mv~mc. Error bars, s.d. of the measurement.

RESEARCH LETTER

2 | N A T U R E | V O L 0 0 0 | 0 0 M O N T H 2 0 1 0

Macmillan Publishers Limited. All rights reserved©2011

Phase-space  
density nλ2

μ/kBT

All density profiles obtained for various atom numbers and 
various temperatures collapse on the same universal 
curve (for a given interaction strength, here )g̃ = 0.26

from Hung et al, Nature 470, 236 (2011)
-0.5 +0.50

nλ2 = ' ( μ
kBT

, g̃ )



10

Outline of the lecture

Time-independent problems 

Universality of the equation of state

Solitons in 2D

The Efimov effect

Time-dependent problems

Conformal invariance and the SO(2,1) dynamical symmetry

The breathing mode
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Solitons for the Gross-Pitaevskii equation

Look for a stationary wave function    solution of the variational problem  
for an attractive non-linearity 

ψ δ [E(ψ)] = 0
g < 0

E[ψ] = 1
2 ∫ ( ∇ψ

2 + g ψ
4) dDr

∫ |ψ |2 = N

Dimensional analysis for a wave packet of size : ℓ E(ℓ)
N

∼ 1
ℓ2 − N |g |

ℓD

ℏ = m = 1

Relevant in optics, atomic physics, condensed matter…

Crucial role of dimensionality D

11



Solitons in 1D, 2D, 3D

2D is a critical dimension: Stationary solutions can be obtained only for discrete values of  N |g |

Wave packet of size  in dimension  : ℓ D E(ℓ)
N

∼ 1
ℓ2 − N |g |

ℓD

In 1D: Stable solution for any  and any   N g

ℓ

E(ℓ)

ℓ*

Size   ℓ* ∝ 1/N |g |

In 3D: Dynamically unstable extremum

ℓ

E(ℓ)

ℓ*

Size  ℓ* ∝ N |g |

In the context of cold atoms: 
Salomon and Hulet’s groups (2002)

In the context of cold atoms: 
BoseNova: Cornell-Wieman group (2001)
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2D: the Townes soliton

Radially symmetric, node-less solution of − 1
2 ∇2ψ + g ψ3 = μ ψ

Such a solution exists only if (Ng)Townes = − 5.85...

	 		[arb.un.]r

ψ(r)

Once a particular solution is known, scale invariance provides a continuous family of solutions

ϕ(r) = λ ψ(λr) μϕ = λ2μ

No particular length scale for the Townes soliton when it exists 

 realλ

However: Instable with respect to a change in shape or in Ng

∫ |ψ |2 = N

It has    and   E = 0 μ < 0

E[ψ] = 1
2 ∫ ( ∇ψ

2 + g ψ
4) d2r

Chiao, Garmire & Townes, 1964
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Observation of Townes soliton with  cold atomic gases

Paris group:     Phys. Rev. Lett. 127, 023603 (2021), use of a two-component gas with 87Rb                 
Purdue group: Phys. Rev. Lett. 127, 023604 (2021), use of a Feshbach resonance with 133Cs

One needs to achieve an effective attractive interaction  g̃ < 0
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Quench  
and switch from 1D to 2D

g̃ : + 0.13 → − 0.0215

Rescale all “droplets” together

⟨Ng̃⟩ = − 6.0 (8)

from Chen & Hung, PRL 127, 023604 (2021)

98% of the samples analyzed, we find Ns ≥ 1 total number
of solitons [Fig. 2(a)]. Thanks to a nearly remnant-free
background, we collect solitons of peak densities over a
finite range from np ∼ 8 to ∼30=μm2 [Fig. 2(b)]. This
allows us to study their density scaling behavior. On
the other hand, the average peak density n̄p ≈ 20=μm2

[Fig. 2(c)] is comparable to the initial density ni ≈ 18=μm2

and is approximately uniform along the sample. It is more
likely to find solitons near the edge, as shown in the
probability distribution pðyÞ in Fig. 2(d), potentially due to
a boundary effect that reduces soliton collision loss. We

observe that low density samples as shown in Fig. 1(d)
generate solitons with peak density 2≲ np ≲ 13=μm2.
We collect solitons of different sizes from our quenched

samples to perform the scaling tests. In Fig. 3, we show
sample soliton images, sorted with np monotonically
increasing from 7 to 30=μm2 for g ≈ −0.0215 [in
Fig. 3(a)] and from 1.5 to 9=μm2 for g ≈ −0.0075 [in
Fig. 3(b)]. The soliton size appears to monotonically
decrease with respect to the increasing peak density, as
shown in the radial density profiles nðrÞ in Fig. 3 insets.
We test the SI hypothesis by rescaling the density

profiles nðrÞ in a dimensionless form and search for a
universal behavior. In Fig. 3, we plot the rescaled density
ñ ¼ n=np as a function of the dimensionless radial position
r̃ ¼ ffiffiffiffiffinp

p r. Indeed, despite a large variation in soliton size,
we observe that all profiles measured at a fixed g collapse

(a)

(b)

FIG. 3. Testing scale invariance. (a) Images at the top, from left
to right, show solitons of low to high peak densities, selected
from samples as shown in Fig. 1(b). Image size 19 × 19 μm2.
Their radial density profiles nðrÞ (filled circles, inset) approx-
imately collapse onto a single curve in the rescaled coordinate
r̃ ¼ ffiffiffiffiffinp

p r and ñ ¼ n=np. Error bars include statistical and
systematic errors. Shaded band shows the standard deviation
of 20 rescaled radial profiles around their mean hñi (solid curve).
(b) Shows soliton images and profiles observed in Fig. 1(d).
Image size 60 × 60 μm2.

(a)

(b)

FIG. 4. Universal soliton density profile. (a) Filled symbols
show different scale-invariant mean profiles hñi (inset), measured
at interaction strengths g ≈ −0.0075 (triangle), −0.0170 (circle),
and −0.0215 (square), respectively. Open circles display a scaled
density profile reported in Ref. [17], for g ≈ −0.034 and with a
fixed np ≈ 5=μm2. These profiles collapse onto a single curve in
the rescaled radial coordinate R ¼

ffiffiffiffiffi
jgj

p
r̃, and the magenta band

marks their mean with standard error. Collapsed solid curves are
the universal Townes profile (black) and the solutions of full GPE
with the MDDI term Eq. (3), calculated using gc ¼ −0.009, np ¼
1=μm2 (red), and 10=μm2 (blue), respectively, and rescaled using
g ¼ gc þ 2gDD. For comparison, dashed curves show the same
solutions rescaled using g ¼ gc. (b) Universal atom number
Njgj ¼

R
ñdR using soliton profiles as in Fig. 3 and integrated

up to R ¼ 4. Solid line and gray band indicate the mean and
standard deviation.

PHYSICAL REVIEW LETTERS 127, 023604 (2021)

023604-3

Atom number/droplet:

to be compared with (Ng̃)Townes = − 5.85...
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Outline of the lecture

Time-independent problems 

Universality of the equation of state

Solitons in 2D

The Efimov effect

M

M

m
We look here at the 3-body problem “Heavy + Heavy + Light”

No direct interaction “Heavy-Heavy”

Heavy-Light contact interaction with  
scattering length a

Fonseca et al, 1979
Limit  no two-body bound state “Heavy + Light”a → ∞ :

Efimov, 1970
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Emergence of    potential between the heavy particles1/R2

Born-Oppenheimer approach: assume first the heavy particles fixed in  ±R/2

Wave function for the light particle for the energy  ε = − ℏ2κ2/2m :

M
M

m

ψ(r) ∝ e−κ|r−R/2|

|r − R/2 |
+ e−κ|r+R/2|

|r + R/2 |

When , the solution of   is , hence   and   a → ∞ κR = e−κR κR ≈ 0.57 κ ≈ 0.57
R

ε(R) ≈ − 0.32 ℏ2

2mR2

Then, the energy  of the ground state of the light particle plays the role of a potential energy for 
the motion of the two heavy ones: attractive  potential  

ε(R)
1/R2

Bethe-Peierls boundary condition for each “Heavy-Light” contact interaction: 

κ − e−κR

R
= 1

a
∂(rψ)

∂r
r=0

= − 1
a (rψ)r=0 ⇒



Bound states of the 3-body system M
M

m

Motion of the heavy particles in the  potential created by the heavy-light resonant interaction1/R2

− ℏ2

M
∇2Ψ(R) − g

R2 Ψ(R) = E Ψ(R) We look for E < 0

Scale invariance of : if  is a solution for energy , then  is solution for g/R2 Ψ(R) E Φ(R) = Ψ(R/λ) E/λ2 .

Continuous spectrum from  to  ?E = − ∞ E = 0

Need to impose a lower bound , for example by imposing a hard core in E0 R = R0

Breaks the continuous scale invariance

Keeps a discrete scale invariance: infinite sequence of bound states   where  depends on  En = E0/λ2n λ M/m

Many beautiful experiments with cold gases, starting with pioneering work at Innsbruck on Cs (2006) 

For  systems, Chicago and Heidelberg (2014) with Cs - Li -Cs  (  instead of  for equal masses)M − m − M λ ≈ 6 ≈ 22.7Energy
0E0 E1 E2 E3 E4

g = 0.32 ℏ2

2m
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Outline of the lecture

Time-independent problems 

Universality of the equation of state

Solitons in 2D

The Efimov effect

Time-dependent problems

Conformal invariance and the SO(2,1) dynamical symmetry

The breathing mode

Breathers
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From scale to conformal invariance

In addition to the standard Galilean transformations (translations, rotations), there exist 3 types 
of transformations that leave the unitary 3D Fermi gas or the 2D Bose gas  invariant:

t ! t/�2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

r ! r/�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Dilatations:

Time translations: r ! r
<latexit sha1_base64="cvFSkh/Fau1IfI5i3luFQisNtz0="></latexit>

t ! t+ t0
<latexit sha1_base64="Ut9H6W5zmTCTZn6jdd2bzjch/x8="></latexit>

“Expansions”:

3-parameter group: dynamical symmetry associated with the SO(2,1) two-dimensional Lorentz group

r ! r

�t+ 1
<latexit sha1_base64="AHHtN5uuBxYU4KuWRTcy+9Ai2Uw="></latexit>

t ! t

�t+ 1
<latexit sha1_base64="/eDzLNuR0iG59d4C7mep1gcHpWA="></latexit>

Can be extended to a harmonic trap, with a slight modification of the transformations

Niederer, 1972-73 
Pitaevskii & Rosch, 1997
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The SO(2,1) symmetry in a nutshell

Ĥkin =
X

j

p̂2
j

2m
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ĥpot =
X

j

1

2
m!

2r̂j
2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ĥint =
1

2

X

i 6=j

V (r̂i � r̂j)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Define the three operators:

L̂1 =
1

2~!

⇣
Ĥkin + Ĥint � Ĥpot

⌘

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L̂3 =
1

2~!

⇣
Ĥkin + Ĥint + Ĥpot

⌘

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L̂2 =
1

4

X

j

�
r̂j · p̂j + p̂j · r̂j

�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Commutation relations: [L̂1, L̂2] = �i~L̂3
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

[L̂2, L̂3] = i~L̂1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

[L̂3, L̂1] = i~L̂2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Close to an angular momentum (SO(3)), but not quite

The invariant is here: L̂2
1 + L̂2

2 � L̂2
3

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(total Hamiltonian)
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Linking various time-dependent solutions

Conformal invariance allows one to link the solution of the N-body Schrödinger equation in 
a trap of frequency  to the solution in a trap with frequency , for the same initial state.ω0 ω

  may possibly depend on time, and even be zero (untrapped case)ω

The scaling parameter  is the solution of the Ermakov equation: λ(t) d2λ
dt2 + ω2(t) λ(t) = ω2

0
λ3(t)

ω(t)ω0

Pitaevskii & Rosch, 1997; Kagan et al 1997; Castin & Dum 1997 ;  
Castin & Werner, 2004-06 ; Son et al, 2006-07; Nishida & Tan, 2008 ; Gritsev et al, 2010

scaling λ(t)
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Outline of the lecture

Time-independent problems 

Universality of the equation of state

Solitons in 2D

The Efimov effect

Time-dependent problems

Conformal invariance and the SO(2,1) dynamical symmetry

The breathing mode

Breathers

Pitaevskii & Rosch, 1997
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A smoking gun of SO(2,1) symmetry: The breathing mode

• Let the atoms evolve in a 2D harmonic potential of frequency   in the presence of interactionsω

• Prepare an arbitrary shape for the gas at   t = 0

• Measure  after an evolution time  : Perfectly periodic evolution with frequency  ⟨r2⟩ ∝ ⟨Ĥpot⟩ t 2ω

Direct consequence of the commutation relations, using Heisenberg picture:

L̂1 =
1

2~!

⇣
Ĥkin + Ĥint � Ĥpot

⌘

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

L̂2 =
1

4

X

j

�
r̂j · p̂j + p̂j · r̂j

�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

dL̂1
dt

= i
ℏ [Ĥ, L̂1] = − 2ω L̂2

dL̂2
dt

= i
ℏ [Ĥ, L̂2] = + 2ω L̂1

d2L̂1
dt2 + (2ω)2L̂1 = 0

L̂3 = Ĥ
2ℏω

{
out-of-phase oscillation of  and Ekin + Eint Epot
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• Let the atoms evolve in a 2D harmonic potential of frequency   in the presence of interactionsω

• Prepare an arbitrary shape for the gas at   t = 0

• Measure  after an evolution time  : Perfectly periodic evolution with frequency  ⟨r2⟩ ∝ ⟨Ĥpot⟩ t 2ω

t [ms]
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Oscillation at 2ω

Saint-Jalm et al,  
Phys. Rev. X 9, 021035 (2019)

⟨r2(t)⟩
[arb. un.]

Are there shapes that lead to a fully periodic motion (i.e. all moments  are periodic) ?⟨rn⟩
In 2D, the scale invariance holds only at the classical field level. What about quantum corrections?

A 2D experiment:

A smoking gun of SO(2,1) symmetry: The breathing mode
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Quantum anomaly for  ⟨r2⟩(t)

The frequency shifts observed in the experiment are
much smaller in magnitude. This issue is discussed
extensively in literature and there are several proposed
causes for the strongly reduced shift [20,24,39]. Thermal
fluctuations are expected to reduce the anomalous shift at
finite temperatures [21–24] and the beyond mean-field
approximation from Ref. [24] shows anomalous frequency
shifts of a similar order as our measurements at T=TF ¼
0.2 (Fig. 3 solid black line). Consistently, when increasing
the temperature of our sample by ΔT ¼ 0.1TF, we observe
a downwards frequency shift of the order of −5% [31].
In addition to the trap anharmonicity and anisotropy, we

are aware of a third effect that breaks the SO(2,1) symmetry
of our system explicitly: the presence of the third dimen-
sion. Figure 4 shows how the third dimension affects the
breathing mode frequency at fixed temperature and inter-
actions. As we increase N the quasi-2D description of our
system breaks down and the system becomes kinematically
three-dimensional. As the system leaves the 2D limit, we
observe a quick decrease of the measured frequencies
below the scale-invariant value of 2ωR. This is in agreement
with theoretical calculations, which predict breathing mode
frequencies of

ffiffiffiffiffiffiffiffiffiffi
10=3

p
ωRð≈1.83ωRÞ for a Bose gas andffiffiffi

3
p

ωRð≈1.73ωRÞ for a 3D Fermi gas confined to a
“pancake” trap in the unitary limit [40]. Explicit breaking
of scale invariance by the presence of the third dimension
has been studied before both experimentally [41] and
theoretically [41,42]. In a Bose gas a shift to lower
frequencies has been observed when increasing the ratio
of chemical potential to ωz.

Since both the expected and measured shifts of the
breathing mode introduced by the third dimension are
always negative, we conclude that measurements above
2ωR deep in the quasi-2D limit can only be attributed to the
presence of the quantum anomaly. We do, however,
identify the third dimension as one of the possible sources
for a reduced frequency measurement at any finite particle
number [39]. Whether the influence of finite temperature
and third dimension alone explain our measurements or if
additional effects, as suggested by Ref. [20], reduce the
anomalous shift further is an interesting question to be
investigated in the future.
The δ2 potential that we introduced as model for contact

interactions is just an approximation of the actual scattering
between cold atoms in nature. The exact scaling symmetry
holds solely in this approximate theory. A more fundamental
theory would contain a modified interaction term and the
resulting Hamiltonian would break the SO(2,1) symmetry
explicitly without requiring any renormalization procedure.
In this equivalent picture, the same frequency shift of the
breathing mode is then merely the consequence of the
explicit violation of scale invariance by the Hamiltonian.
Any anomaly can be understood in this way. In the

standard model, for instance, the appearance of quantum
anomalies is related to the fact that the underlying field
theories fail to accurately describe nature at small length
scales. In contrast to our system, the fundamental physical
description is still unknown in this case. This example
highlights the significance of the concept of quantum
anomalies in the formulation of effective theories that
accurately describe physics at larger length scales.
To conclude, we observe a significant, interaction-

dependent, frequency shift away from the scale-invariant
frequency ωB ¼ 2ωR. We have confirmed that other terms

FIG. 3. Anomalous shift of the breathing mode frequency. At
low temperatures the breathing mode shows a significant shift
away from the scale-invariant result of ωB ¼ 2ωR towards higher
frequencies, even after accounting for both the effects of anhar-
monicity and anisotropy of our trap. Our data agree with a beyond
mean-field approximation from Ref. [24] at T=TF ¼ 0.2 (solid
black line). The inset compares our data to a zero temperature
calculation from Ref. [21]. Circles and squares represent mea-
surements that were taken with different spin mixtures.

FIG. 4. Influence of the third dimension on the oscillation
frequency. As we increase the particle number we observe a
strong shift towards lower frequencies. On the x axis we plot the
measured particle number of one spin component N divided by
N2D ¼ 48000. N2D is the maximal number of noninteracting
atoms per spin state in the axial ground state of our trap at this
magnetic field. The dashed line is a straight connection between
the data points.

PHYSICAL REVIEW LETTERS 121, 120401 (2018)

120401-4

see also T. Peppler et al, PRL 121, 120402 (2018) [Vale’s group, Swinburne]

Hofmann, PRL 108, 185303 (2012)

Olshanii, Perrin, Lorent PRL 105, 095302 (2010)

In 2D, the scale/conformal invariance holds only at the classical field level

The necessary regularization of the  function for a quantum field treatment breaks this symmetryδ(2D)(ri − rj)

interaction strength and temperature. At zero temperature a
rather large shift to frequencies above 2ωR is predicted
[21,22] while perturbative solutions at finite temperatures
show significantly reduced shifts on the order of 1%–2%
that even go below the scale-invariant value of 2ωR in the
strongly interacting region [23,24].
Experimentally, scale invariance has been studied with

2D Bose gases in Refs. [26–28], showing no significant
symmetry violation in the weakly interacting regime. The
strongly interacting regime in a 2D Fermi gas was
studied in Refs. [29,30], where on the level of the
experimental precision no significant deviation from
the scale-invariant result was observed. This was attrib-
uted to the relatively high temperatures of their system
and statistical errors on the same order as the expected
shifts at these temperatures [21].
In this work, we study the anomalous frequency shift of

the breathing mode in a 2D Fermi gas with high accuracy.
We perform our experiments with a two-component mixture
of 6Li atoms and approximately 104 particles per spin state.
The mixture is loaded into a highly anisotropic harmonic
trap. The trap frequencies are ωz¼2π×7.14 kHz and
ωR ≈ 2π × 22.5 Hz. The radial confinement is created by
an approximately equal superposition of an optical dipole
trap and a magnetic confinement proportional to

ffiffiffiffi
B

p
, where

B is the magnetic offset field. A detailed discussion of
frequency, anharmonicity, and anisotropy measurements of
the trap can be found in the Supplemental Material [31].
The aspect ratio of approximately 300∶1 between axial

and radial trap axes allows us to reach the kinematically
2D regime for low enough temperature T and chemical
potential μ [32]. We tune the scattering length a2D by
means of a broad magnetic Feshbach resonance [33]. In 2D
the phase diagram of the BEC-BCS crossover is charac-
terized by the two dimensionless parameters lnðkFa2DÞ
and T=TF with Fermi wave vector kF and temperature TF.
The temperature of the cloud T is extracted from the in situ
density distribution with the method established in
Ref. [34]. T=TF varies from 0.1 in the BEC limit to
0.18 in the BCS regime. The biggest effect of the quantum
anomaly is expected to appear in the strongly interacting
region around lnðkFa2DÞ ≈ 0 [21].
To excite the breathing mode, we reduce our optical

confinement adiabatically such that the cloud expands in
the trap. A sudden quench of the trap depth back to its
original value initiates the breathing mode oscillation. By
tuning the magnitude of the quench, we set the amplitude to
around 8% of the cloud width. In addition to the breathing
mode, the quench leads to a small collective dipole
oscillation of the center of the cloud. We do not observe
any excitations of higher order collective modes in our trap
using this procedure. We study both excited collective
modes simultaneously by taking in situ absorption images
along the axial direction of the cloud at different times after
the quench [see Figs. 1(a)–1(c)].

We extract the frequencies of the breathing mode ωB and
dipole mode ωD by fitting a damped sine function to the
oscillation of cloudwidth and center along both principal axes
x and y of the trap. The principal axes of our confinement are
determined and fixed by a principal component analysis of
independent measurements using a noninteracting gas
[31,35]. A typical data set along the x axis is shown in
Fig. 1(d). In total we obtain four frequency measurements
per scattering length (ωB;x, ωB;y, ωD;x, and ωD;y).
We observe ωB ≡ ωB;x ¼ ωB;y for all interaction param-

eters that are accessible in our experiment. This is expected
for the breathing mode in the hydrodynamic regime where
the scattering rate is much larger than the oscillation
frequency. The center-of-mass dipole modes, on the con-
trary, oscillate separately along both principal trap axes.
From the measured difference of the two frequencies, ωD;x
and ωD;y, we estimate that the in-plane anisotropy of our
trap is on the order of 2% [31].
In order to compare the measured breathing mode

frequencyωB to the scale-invariant result of 2ωR, an accurate
determination of the radial trap frequency is essential. To this
end, we use the dipole frequencies that coincide with the trap
frequency ωR, independent of interactions or temperature.
We take the average of the two measured dipole frequencies
as reference, ωR ≡ 1=2ðωD;x þ ωD;yÞ. This is justified by
the observation that the hydrodynamic breathing mode in the

(a) (b) (c)

(d)

FIG. 1. Breathingmode in a harmonic confinement. (a)–(c) In situ
images of the cloud along the strongly confined axial direction at
different hold times t ¼ 68–80 ms after quenching the trap depth
at t ¼ 0 ms. The inner (outer) dashed lines indicate the 1σ (2σ)
width of a Gaussian fit to the cloud profile. The images are
averaged over several experimental realizations and were taken at
larger amplitudes to make the oscillation more apparent. (d) The
cloud width σx as a function of the hold time t after the quench
(blue circles). The inset shows the complete data set from t ¼ 0 to
400 ms. The center-of-mass oscillations of the same cloud are
shown in red as a comparison (right, y axis). The solid lines are fits
of a damped sine function to the measurements.

PHYSICAL REVIEW LETTERS 121, 120401 (2018)

120401-2

M. Holten et al,  
PRL 121, 120401 (2018)  
[Jochim’s group, Heidelberg]

Recent investigations wit a 2D Fermi gas close to the unitary point:
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Outline of the lecture

Time-independent problems 

Universality of the equation of state

Solitons in 2D

The Efimov effect

Time-dependent problems

Conformal invariance and the SO(2,1) dynamical symmetry

The breathing mode

Breathers

Are there shapes that lead to a fully periodic motion at  (i.e. all moments  are periodic) ?2ω ⟨rn⟩
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The	equilateral	triangle	in	the	hydrodynamic	( )	regimeNg ≫ 1

t =0.5 ms t =24.0 mst =4.0 ms t =8.0 ms t =12.0 ms t =16.0 ms t =20.0 ms

t = 0
<latexit sha1_base64="z1zkQOoBxs8JdLEyWcud10qt3t8="></latexit>

t = T/4
<latexit sha1_base64="8zj1q4Tj+Do5vAEQLPBBHDXI1nA="></latexit>

t = T/2
<latexit sha1_base64="gtExXHbYP81tHEhQmUL0EVxUokA="></latexit>

Experimentally, in a harmonic trap of frequency :  ω

Numerically, solution of the Gross-Pitaevskii equation on a 1024x1024 grid:

Initial state : uniform filling of the triangle|ψi⟩ Overlap with wave function at :                                     T/2 |h i| f i| > 0.995
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Does not seem to occur for any other polygonal shape!

period  with  T/2 T = 2π/ω

Saint-Jalm et al,  
Phys. Rev. X 9, 021035 (2019)
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Do	such	breathers	also	show	up	for	other	2D	systems	with	SO(2,1)	symmetry?	

A simple test: Classical particles interacting with potentialV(r) ∝ 1
r2 V(r/λ) = λ2V(r)
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t = 0
<latexit sha1_base64="z1zkQOoBxs8JdLEyWcud10qt3t8="></latexit>
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vj(0) = 0
<latexit sha1_base64="+26lCOsEuZ4sGkHML2nSrGYGttI="></latexit>
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Two	recent	theoreDcal	insights

Shi, Gao & Zhai, Phys. Rev. X 11 041031 (2021):  “Ideal-Gas Approach to Hydrodynamics”

“There exist situations that the solution to a class of interacting hydrodynamic equations with certain 
initial conditions can be exactly constructed from the dynamics of noninteracting ideal gases”

In the proof, scale invariance appears as a necessary, but not sufficient, condition 

Olshanii et al, SciPost Phys. 10, 114 (2021):  “Triangular Gross-Pitaevskii breathers and Damski-Chandrasekhar shock waves”

The shock wave created by the initial density jump does not induce further catastrophes in the hydrodynamic equations

Specific shapes :  the overlap area of two homothetic equilateral triangles is always of the same shape

YES NO NO 3D	tetrahedron:	YES
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Summary

Conformal invariance: example of a dynamical (or hidden) symmetry

Transformations that leaves the equations of motion invariant

Valid either at the quantum-field level (3D unitary gas) or at the classical-field level (2D Bose gas)

In the latter case, provides an example of a quantum anomaly in low-energy physics

A situation valid in any dimension: the  interaction potential 1/r2

Can this potential be simulated for a many-body quantum gas, 
besides the now well-understood Efimov effect?
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Thank you!



Breaking the SO(2,1) symmetry with a quantum anomaly

Hammer & Son (2004): Going beyond the classical field analysis based on the Gross-Pitaevskii energy functional  

Introduction of a short-distance (i.e. UV) cutoff at    (van der Waals length : nanometer size)r ∼ RvdW

In practice, for an interaction strength , the predicted value 
for  is physically reasonable only for 

|g | ≪ 1
σN |N − NTownes | ∼ a few units

σ1020 ∼ 10−9 σ1000
σ980 ∼ 10+9 σ1000

There exists a stable solution of size   for any value of the atom number σN N

Geometric scaling:   
σN

σN+1
∼ 3

In the strongly interacting case , a realistic droplet size would be achieved 
with only a few atoms and one could observe the predicted scaling of  with 

|g | ∼ 1
σN N

32


